With the exception of exponent
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Table of Integrals

restrictions, antiderivatives in this table appear without conditions—some are valid

only when appropriate restrictions on parameters (e.g., a > 0) and/or variables (e.g., |x| >1) are applied.

Elementary Integrals

1. jkdxz e+ C
3. j@E: In|x|+C
x[]

5. J.ax dxz(L)a)C +CI
Ina

7. jcosxdx= sinx+ CUJ

r+l

2. J.xr dx = al

+C,
r+1

r# -1
4. J-ex dc=e"+C
6. Jsinxdx:—cosx+C

8. jsecz xdx=tanx+C

9. [esc” xdx=—cotx+CL 10. [secxtanxdx =secx+C

11 fescxcot xdy=—cscx+C 12. [tanxdx = Infsecx|+C

13. [ cotxdx = Insin x|+ COJ 14. [secxdx = In|secx+ tan x|+ C
15. [escxdx =Infescx—cota]+C

Integrals with Expressions of the Form a + bx

16. j SN SIe 17. [— dx[ L (bx= atnlaz b C
a+bx bl a+b b*
2
18. _[ al dez%(bzxZEZabx&ZaﬂnMH}bxl_)HC
a+bx 2b
19. | AR U I ) s 20. [ SIS SN W
x(a%x) al |a+bx| X (a+bx) ax) atl |a+bx
21. ji E! 1( j+1n|a+bx|)+Cf 2. | ! +i21n| |+cr
(a+bx) b\ a+bxl a-Hbe a+be) a |a+bx|
2 2
8. [ ae= L ==L oamaw bl |+ C
(a+bx) b a+bx
24. J-x\/a+ﬂixﬂx§= h(3bx[2a)(a+b]x)3/2+CD 25. IMD (bePZa)\/a+bx}C
2. [——= m = (8aﬁ+3b2xﬁ—4abx93/a+bx+C
~2 tanh” /“+bx e LpNatb=al g
27 J. dxl] _ Ja f] Ja+bx +a
Y xa+bx 2 tan”! a+bx oo i 0
\/ETan —aﬂ+ if a<
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x/a+be dx
28. =2Ja+bx+a
'[ '[x\/a+bxu
Na+bxU \/a+bx b
29. | dy = f
x xa+bx

30. J- "NJa+bxldx= I:x" (a+b3€)3/2 —naJ xT'al bxﬂx]

(2n 3)
x"\a+bx0  2nall

J‘\/a+bx (2n+1) b(2n+1 '[\/a+bx
0 _[ dx[] Ja+bx]  b(2n-3)

31.

dx
x"Ja+bxll a(n=1)xt1 2a(n —ﬂ)ijI\/a+bx

Integrals with Expressions of the Form a? + x
dx1 1 X
33 jaﬁ+x ;ﬂ (;J+C

34. J\/a@ xtldx = g[\/ P xﬁ+%ln(x} Jatw x2])+ C

4

35. szxlaz +x? dx:§ a’ +2)c2)\/a2 +x? —%Jln(x+\/a2 +x2)+C

2
36, [V e [ —am Y
x[] x[]

37.

j aﬁj—x dxl= — aﬁ+DXE+ln(xH}x/aﬁH-xﬂ)+C
X x

0

38. J‘\/%xﬂ (xﬁ—\/a ﬁ)+C&smh ( )+C

39. \/a +x = (x+\/a2+x2)+C
jVa +x?]

0. [ Naxxra ﬂ”’ ho=—Lesen f‘ic
xa’ ﬂxﬁ aD all a

41 J' dxl] __Na ﬁ
' x*\a® +xH a’x [

42. J-(a2 +x? )3/2 dx = %(2xﬁ+ Saj Vati xt+ 3%@11’1 (x@r Vat+ xf]) +C

ch

J' dx(] _ x[] Ll

(aﬁ+x2:)3/2 azvaz +x2

43.
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Integrals with Expressions of the Form a? — x*

all

LI (f) +CO if xb< &
X+a a

+Cl=

dx[] 1
44. =
'[ at—xt 2a[

xX—a

1
Zcoth™ (f) +CO if x> &
all a

45.

N

[N 2 Sin (2]
46. J.x2 Na* %% dxlZ %(fo]— af])\/af]— xP+ %tsin_I (f

)+CD
a

[ 2 2 BJa? — 52
47. J. a X dxr:\/aﬁ—xﬁ—alnu+c
x[J x[J
1’ — 2 1' —
48. _[ atx dxl= — s xa—sin'l L) e
x? x[] a
49. J. —sm] +C
\/aﬁ—
X2 X a’ X
50. dxZ= —=+a* - xt 1+ —sin™ (—) +C[J
.f /az_xz 7 2 a
[ 2
51. J. e :—llnm+C&—lsech'(£)+C
wa? =2 all x[] all a
O 1
52 [— & ——d -x +C

53. j(a —x) dx= ——(2xﬁ—5aﬁ)\/aﬁ— f]+—sm1(x)+C

a

J~ dx] _ x0 L Ol

54.
(a2 —x’ )3/2 a’ \/a2 —xf]

Integrals with Expressions of the Form x* — a*

dx[] 1
55. :—ln
J.x —a*  2al]

X—a

+C

X+a

+C

2

56. J-\/xﬁ— atldxZ %Q}xﬁ— at- %ln‘x@r xX-d
4

57. _[xz Vxtea? dxiz ?(chf]— af]) Vxt-at- % In ‘x@ X-d

58. j Bc

+C

de Jxt-ati—asec™




TI-4 Table of Integrals

Vxt=d? Vxt—d?
59. j s 2a dx= — ra +ln‘be X -dl+C
X x[!
dx[] X
60. :ln‘xE} x> —d*|+C=cosh™ (—)-i—C
J\/x a a

+C

u 2
dx= gxlxz —d? +a?1n‘xE|:L X -d

2
X
61.
j [ — &

62. =— +CO
'[x\/x asec (0)
63. J' dx[] \/xﬁ— ﬁ

axD

+C

64. I(xz—b— aﬁ)y2 dxZ %%bc%— Saz—) Vxt—af+ % In ‘xﬁ— Xt —a?

x[]
65. =- +C
J xﬂ— a” =

Integrals with Trigonometric Expressions

1 1 1 1
66. jsinz xdxl= Ex—zsin 2x+C 67. jcosz xdx = Ex+zsin 2x+C

68. J-tanzxdxﬁ tanx—x+C 69. Jcotzxdxﬁ—cotx—x+C

TS| -1 .
sin” xcosx+ n-1 cos”” xsinx

. . -1
70. jsm” dx=— J‘sm”“2 x dx[] 71. Icos” xdx = + ﬂJ‘cos”‘z xdx
n

n nl n

tan"” cot"" x

72. jtan” xdx =

—Jtan" 2 xdxl 73. jcot”xdx=— —Jcot”’zxdx

n—1 n—

n—=2 _ - B
74. J'sec”xa’x=tanxSec A 2J.secdexD 75. J'csc”xcix=—cowESC A zjcsc”xdx
n—1 n—1 n—1 n—1
in((a-b in((a+b
76. jsin(ax)sin(bx)dxz sin (a )x)_sm (a )x)]+ Cr
2(a=b) 0 2(a+b) ]
in((a—b in((a+b
77. jcos(ax)cos(bx)dx= st (a X)+Sln((a )x)+C
2 a—b) O 2(a+b O
-b +b
3. jsin(ax)cos(bx)dx:_cos((a )x _cos((a )xDT_'_C
2(a=b) O 2(a+b) O
79. ijiHde=Sinx—xco§Lx+C 80. jxcosxdxzcosx+xsi1ﬂx+C

81. J'xﬁin xdx =—x"cosx+ nJ- x"Feos xdx[] 82. Ix%os xdx = x"sinx— nj x"Fsinx dx
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sin” ™! xcos""! x Lm -1

83. J.sin’” xcos" xdx = — J‘s%n""2 xcos” xdx

n+m m+n
. m+l n-1
sin”” xcos""x n—1 . _
= + sin” xcos™ % x dx[]
m+n m+n

Integrals with Inverse Trigonometric Expressions

TI-5

84. J.sin’l xdx=xsin” x+v1-x* +C[ 8s5. Jcos’lxdxz xcostx—v1-x*+C
86. _[tan"lxdx:xtarﬂlx—lln(l+x2)+CD 87. Icot']xdx:xcot"x+lln(x2+l)+C
2 2
88. J.sec']xdxzxsed]'x—ln‘x+\/x2—l‘+C[ 89. J.csc"xdxzxcst]x+ln‘x+\/x2—1‘+C
1
90. J-xfsinlxdx@ﬁ(xﬁl sinleI\/% gJ -1
1
91. J.xfcoslxdxﬁﬁ(xﬁ'coslxm‘[ﬁdx}, -1
1 n+l
92. _[x’Etan xdxﬁm(xﬁ' tan~ xEP_[ _— a] nz -1
Integrals with Exponential or Logarithmic Expressions
93. J.xe@dxﬁ (axE'rl)eﬁ+C[ 94, J. ”X@/x——x e‘“D——F'gx”l e™ dx[]
atl
b b
95. J.sin(ax e dx= Ein(ax)ﬁ];c;z@bs(axlbﬂ Cl 96. J.cos(ax)eb"dxi cos(a;cs::;in(ax)ebmrc
97. J.lnxdxlenjﬂ—x+Cﬂ 98. J.(lnx)"dxzx(lnR)"—nﬂ:(lnx)ﬁfldx
n+1
99. [xtInxdv=———[(n#1)lnx=1]+CO =In|lnx|+C
(n+1) U

Integrals with Expressions of the Form v2ax — x*
2
101, [\aar= o dv= = arz i sin (xug)w

a

R 2
102. '[x 2ax —x* dxém+g3a\/2axbxﬂ+%ﬁsin'(ﬂ)+6’

all
)+C
all

103. j“ >B 2 dx= 2ax2 x* + asin” (
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2ax=
10 [R5 e 22 et esin (4
X
dxl] x—a
105. | ———=sin"’ +C
J’\/2ax[-x2 ( aJ)
x xX—a
106. | ———=dx=—V axﬂx27+asinl( )+C
J‘\/2ax[-)cz all
2
107. j—dxa—xm‘ﬂ\/z Hx27+—s ‘(XB“) +C
\V2ax2 x* all
108. ——L\/2axﬂxh+c

J dx] _
aN2ax —x? ax

Integrals with Hyperbolic Expressions

109. [sinhxdx = coshx+Cl] 110. [coshxdx =sinhx+C

111, [tanhxdx = Incoshx+Cll 112, [cothxdy = In[sinh x|+ C

113. J'sech xdx = tan”' [sinh x|+ C[J 114. jcsch xdx =In tanh% +C

115. jsechzxdx =tanhx+ C[ 116. jcschzx dx=—cothx+C

117. Jsechxtanhxdxz —sechx+C 118. jcschxcothxdxz—cschx+C

Integrals with Inverse Hyperbolic Expressions

119. [sinh™ x i = xsinh™ x— 1+ x?+ CLJ 120. [cosh™ xdv=xcosh™ x—/x? ~1+CL
-1 -1 1 2 -1 -1 1
121. jtanh xdx = xtanh x+51n(1—x )+CD 122. jcoth xdx = xcoth x+zln(1—xﬁ)+C

. [1+x0 h™ x+sinh™ x+C Lif x>0
123. J‘sech_l)cabc:xse(ﬂ?i_lx+251n'1 —x+C] 124. jcschflxdx= vese _lx s?n _lx . x>
2 xcsch™ x—sinh™ x+C Lif x<0

Selected Definite Integrals

- 2
125. [ e dxi= l\/E 126. | Y =™
0 2\ all 0" —1 6
127. J' el* cos(bx)dxlz —— al 128. J' el* sin (bx)dx = b
at# bt aﬁ+ b’




ALGEBRA

Properties of Absolute Value
For all real numbers a and b:

jal 20 [l =1al"
a<lal bl =|al 2]
E |a| b#0
[6[
la+b| <|a|+|p|7  Triangle Inequality

Properties of Integer Exponents and Radicals
Assume that # and m are positive integers, that a and b are
nonnegative, and that all denominators are nonzero. See
Appendices B and D for graphs and further discussion.

an . am :jan+m (a;ﬂ)m — ar/m
am =qg"™" (abDf =ad"b"[]
a
are L (ﬂ) _at
al b b

am=% am/ﬂ=naﬁ=(</;)m
ab = Jadlp o da

a a b (/Ej
Y¥fa ="fa’)

Special Product Formulas
(4-B)(A+B)=4’-B’

2

B)
A+B) =A*+24B+ B’
(4+8)
A-B) = A*~24B+ B
(4-B)
(A+B) = 4 +34*B+34B* + B’
(A4-B) = 4 —34°BH34B* - B

Factoring Special Binomials
A*-B*=(4-B)(4+B)
A =B’ =(A-B)(At+ 4B+ B’)
A +B =(A4+B)(A - 4B+ B?)
Quadratic Formula
The solutions of the equation ax® + bx + ¢ = 0 are:

—bx~b* —4acl)
X —F-
2al]

Distance Formula
The distance d between two points (x,,,) and (x,, ;) is:

d= \/(xz -X )2

+(y2 _y1)2

Midpoint Formula
AtX Kty
2 72

Slope of a Line

i Horizontal lines y = ¢ have slope 0.

Xi X

Vertical lines x = ¢ have undefined slope.
Parallel and Perpendicular Lines
Given a line with slope m:
slope of parallel line = m

slope of perpendicular line = —1/m

Forms of Equations of a Line
Standard Form: ax+by=c

Slope-Intercept Form: y = mx + b, where m is the
slope and b is the y-intercept

Point-Slope Form: y—y, =m(x—x,), where m is the
slope and (xl, yl) is a point on the line

Properties of Logarithms
Let a, b, x, and y be positive real numbers with a # 1
and b # 1, and let 7 be any real number. See Appendix B
for graphs and further discussion.

log, x =y and x = a” are equivalent

log, 1= log, a=
log, (a ) x a®* =x
log, (xy)=1log, x+log, y

log, v

log, (fJ log, x—
y

Change of base formula



GEOMETRY

A =area, C = circumference, S4 = surface area or lateral area, /= volume

Rectangle Circle Triangle
A=1Ilw A=nr C=2nr A@%bh
" h
= H
/ b
Parallelogram Trapezoid Heron’s Formula:
A=1Ih A=lh(b+c) Az\/s(s—a)(s—b)(s—c)
2 a+b+cl]
b where s =
' h
. .
/ C
Rectangular Prism Sphere Rectangular Pyramid
V=Iwh  SA=2lh+2wh+2lw Vi= ?mfﬁ SA = 4mr? Vi= %lwh]
: AN
" i \\ ‘1 W
l
Right Cylinder Right Circular Cylinder Cone
Vi= (Area of Base)h V=nrh SA=2mr+2nrh Vi= %wrzh[ SAZ mrt+ mrrt s B

Trigonometric and Hyperbolic Functions: Definitions, Graphs, and Identities
See Appendix C.



Ellipse

Leta, b >0 with a=>b.
Center: (h,k)
Major axis length: 2a

CONIC SECTIONS

Minor axis length: 25
Standard form of equation:

2 2
R
a bh

major axis is horizontal

2 2
MCED N
b a

major axis is vertical

Foci: on major axis, ¢ units away
from the center, where
c2 — a2 _ b2

Parabola Hyperbola
WVertex Vertex
/ ° AN
(h.k)
Directrix (h,k)
Letp#0. Leta, b>0.
Vertex: (h,k) Center: (h,k)
Standard form of equation: Standard form of equation:
’ (x=h) (r=k)
1. (x—h) =4p(y—kD] 1. U -1
vertically oriented a’ b

foci are aligned horizontally

Focus: (h, k+ p) Asymptotes: y—k =+~ (x—h)
a

(y=k)" (x=h)

2. (y _k)z — 4p (x—hDJ 2. a2 - bz =1

foci are aligned vertically

Directrix: y=k—p

horizontally oriented

a
Focus: (h +p, k) Asymptotes: y—k = iZFx - h)
Foci: ¢ units away from the center,
where ¢* =a’ + b’

Vertices: a units away from the center

Directrix: x=h—p

LIMITS

Definition of Limit

Let f be a function defined on an open interval

containing ¢, except possibly at ¢ itself. We say that
the limit of f (x) as x approaches c is L,
lrl—r}clf(x) = L[lif for every number ¢ > 0 there is a

number § > 0 such that | f(x)- L| <& whenever x

satisfies 0 <|x—c|< 4.

Basic Limit Laws
Sum Law:

lim[ £ (x)+g(x)]=lim £ (x)+lim g (x)
Difference Law:

lim[ £ (x)+g(x)]=lim £ (x)-lim g (x)
Constant Multiple Law:

lim[ & (x) ] = kllim £ (x)

Product Law:

lim[ f (x) g (x) J lim f (x)- lim g ()

x—c¢ x—c

Quotient Law:

S (%) (lim £ (x)

=-=—— provided lim g (x
X—=c g (x) £1£}Igg (x) X—=c ( )

#0

The Squeeze Theorem
If g(x)& f(x)< h(x) for all x in some open interval
containing ¢, except possibly at c itself, and if

and write lim g (x) = limh(x)= L, then lim f(x)= Llas well.

Continuity at a Point
Given a function f defined on an open interval
containing ¢, we say f is continuous at ¢ if

lim /£ (x) = £ (c)-

L’Hoépital’s Rule
Suppose f and g are differentiable at all points of an open
interval / containing ¢, and that g'(x) #0 forallxe/
except possibly at x = c. Suppose further that either

limf(x)=0 and limg(x)=0

or
lim f (x)=eo and limg (x)=/e.
Then
tim? ) _ iy L)
xX—c g(x) X—c g (x)

assuming the limit on the right is a real number or o or —eo.



DERIVATIVES

The Derivative of a Function
The derivative of f, denoted f”, is the function whose
value at the point x is

S S(x+h)=f(x)
fW=lm =

provided the limit exists.

Elementary Differentiation Rules
Constant Rule:

d
—(k)=0
dx&)

Constant Multiple Rule:

d O

Lk ]k 1 ()

Sum Rule:

d d dll
L W+e@]= () 5e(x)

Difference Rule:

L@ e)]= S-Sl 0

Derivatives of Trigonometric Functions

dl .
—Lésm x) =cosx!
d

d .
—(cosx) = —sin x!
x dx

d
a%cscx)z —cscxcotx[] —(secx) = secxfan x[

dx

Derivatives of Inverse Trigonometric Functions
itésin’1 x) ! i%cos’1 x) B
dx 1-x? dx 1-x*

it((wcsc_1 x) N S it(csec’l x) __
dx |x|\/x2 —1 dx |x|\/)c2 -1

Derivatives of Hyperbolic Functions

i%sinh x) = cosh x| d (cosh x) = sinh x!
dx dx

i%csch x) = —csch xicoth x[J
dx

%(sech x) = —sech xftanh x[J

Derivatives of Exponential and Logarithmic
Functions

% ef)zex

d 1
=

Product Rule:

DL W= 70| s (0] )

dxH dx dx

Quotient Rule:
iE/Ef (X)} _[(W)g() =/ (x)g (x)
dxllg(x) [g (x)]2

Power Rule:
d r—1
—(x0)=mx
dx& T‘)
Chain Rule:

L ee)]= Fle)e ()

iLgtan x) =sec’ x
d

X

—(cotx) = —csc” x
dx

%gtanh x)=sech® x

iLgcoth x) =—csch? x
dx



Derivatives of Inverse Hyperbolic Functions

dj . . 1 d i 1 d _ 1
amnhlx):m acoshlx)= d x>1 atanhlx)=1_x2, ES!
d -1 d - d 1
—(cesch ' x) = ——— —(sech™ x) = , 0<xkl —(coth™ x , x>
dx ) |x|i/l+x2 dx ) N1 = xt dx )le_xz | |}

The Derivative Rule for Inverse Functions
If a function f is differentiable on an interval (a,b),
and if f’(x) #0 for all x[& (a,b), then /™' both
exists and is differentiable on the image of the interval
(a,b) under f, denoted as f ((a,b)) in the formula
below. Further,

itxe(a,b)) then (1) (1 (x))=

f(x)
and
itxe £((ab)); then (/) (x)= m

The Mean Value Theorem

If f is continuous on the closed interval [a,b] and
differentiable on (a,b), then there is at least one point
cle (a,b) for which

f(b){f(a)'D

b—a

7(0)-

INTEGRATION

Properties of the Definite Integral
Given the integrable functions f and g on the interval
[a,b] and any constant £, the following properties hold.

L[ fea=z0 2 [ f(x)de=-] f(x)de
3. [Tkde=k(b-a) 4 [k (x)d=k[ p(x)a

5. [ [ ()Eg(x)]de= [ f(x)des | g (x)de

The Fundamental Theorem of Calculus
Partl

Given a continuous function f on an interval / and
a fixed point a € [, define the function F on / by

F(x)= ij(t)dtﬂl"hen F’(x)=f(x) forallxe L

The Substitution Rule
Ifu= g(x) is a differentiable function whose range is
the interval 7, and if /" is continuous on /, then

[7(e(x) e’ (x)ds= ] £ ()
Hence, if F is an antiderivative of f on /,

[7(2(x)g (x)ax = F(g(x))*C.

6. J:f(x)deJ‘:f(x)dx[: J.:f(x)deassuming

each integral exists
7.0f f(x)< g(x) 'on [a,b], then
'[bf(x)dx@ jbg(x)de
8. If m= Lrlgg}yf(x) and M = {lrsliléf(x), then

m(b=a)< [ f(x)dv< M(b-a).

Part i
If f is a continuous function on the interval [a,b] and
if F' is any antiderivative of f on [a,b], then

["(x)dv= F (b) F (a)

Integration by Parts
Given differentiable functions f and g,

[ (x)g (x)dx= 1 (x)g(x) =] g (x) /7 (x)

If we let u= f(x)land v=g(x), then du= f”(x)dx
and dvl= g’(x) dx[and the equation takes on the more
easily remembered differential form

judv = uv—J.Wuj



SEQUENCES AND SERIES

Summation Facts and Formulas
Constant Rule for Finite Sums:

nll
2 ¢ = nc, for any constant c!
i=l1

Constant Multiple Rule for Finite Sums:

z ca, = cE a,, for any constant c[]

i=1 i=1
Sum/Difference Rule for Finite Sums:

2 (a/£b,) Z al* 2 b/
i=1
Sum of the First n Positive Integers:
i n (n + 1)

i=———
= 2
Sum of the First n Squares:

n + 1 (2n + 1)

22 c

Sum of the First n Cubes:
LS n’ (n + 1)2

3
2it=—

i=1

Taylor Series and Maclaurin Series

Geometric Series

For a geometric sequence {an} with common ratio 7

Partial Sum:

a(l - rﬂ)

—-r

sl = ,ifrz0,1

Infinite Sum:

25114’_1 = %, if |rR 1

Binomial Series

For any real number m and -1 <x < 1,

(1+x)7 :g(’:)xﬁ

=1+mx+ m(r;z'—Fl)xz + m(m—13)'(mﬂ2)x3 -

+m(m—1)---(m—n+1)

(o) (1) ()57

and (mT= m(m =1 D) s s

n n!

n

where

Given a function f with derivatives of all orders throughout an open interval containing a, the power series

SYANC)

n=0 n!

(x=a) = 1 (a) £/ (a)(x~

a)+

+ .-

LGV G

+
2! 3!

is called the Taylor series generated by f about a. The Taylor series generated by f about 0 is also known as the

Maclaurin series generated by f.





